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We introduce a new cosmological diagnostic pair fr, sg called Statender. The Statender is
dimensionless and, like the Hubble and deceleration parameters H(z) and q(z), is constructed from
the scale factor of the Universe and its derivatives only. The parameter r(z) forms the next step
in the hierarchy of geometrical cosmological parameters used to study the Universe after H and q,
while the parameter s(z) is a linear combination of q and r chosen in such a way that it does not
depend upon the dark energy density ΩX (z). The Statender pair fr, sg is algebraically related to
the the dark energy pressure-to-energy ratio w = p/ε and its time derivative, and sheds light on the
nature of dark energy/quintessence. Its properties allow to usefully dierentiate between dierent
forms of dark energy with constant and variable w, including a cosmological constant (w = −1).
The Statender pair can be determined to very good accuracy from a SNAP type experiment.
PACS numbers: 98.80.Es, 98.80.Cq, 98.80.Hw
I. INTRODUCTION
Recent observations of Type Ia supernovae indicate
that the expansion of the Universe is accelerating rather
than slowing down [1,2]. These results, when combined
with cosmic microwave background (CMB) observations
of a peak in the angular power spectrum on degree scales
[3], strongly suggest that the Universe is spatially flat
with  1/3 of the critical energy density being in matter
and  2/3 in a smooth component with large negative
pressure (‘dark energy’ or ‘quintessence’). Indirect sup-
port for dark energy also comes from the examination
of gravitational clustering within the framework of the
standard gravitational instability scenario [4]. A large
body of recent work has been focussed on understand-
ing the nature of dark energy and its possible relation
to a fundamental theory of matter such as M-theory, su-
pergravity etc. Despite the considerable eort in this
direction, both the nature of dark energy as well as its
cosmological origin remain enigmatic at present.
Perhaps the simplest model for dark energy is the cos-
mological constant , whose energy density remains con-
stant with time ρ = /8piG and whose equation of state
remains xed at w = P/ρ = −1 as the Universe evolves
(c = 1 is set throughout the paper). These properties
of  result in a ne tuning problem: the relative densi-
ties in the cosmological constant and in radiation must
be set to an accuracy of better than one part in 10123
at the Planck time, in order to ensure that the densities
in matter and the cosmological constant become com-
parable at precisely the present epoch. The ne tuning
problem, though less severe, also aicts the more gen-
eral class of ‘Quiescent’ models of dark energy (Q) which
have a constant, nonpositive equation of state. Exam-
ples include a tangled and ‘frustrated’ network of cosmic
strings w = −1/3, domain walls w = −2/3, as well as a
scalar eld with a hyperbolic sine potential [4].
An alternative to  and Q is presented by ‘Kinessence’
(K) which refers to dark energy with a time depen-
dent equation of state. Examples of Kinessence include
a scalar eld φ with a self-interaction potential V (φ).
‘Tracker’ potentials lead to an eective scalar eld equa-
tion of state which remains close to the background value
during most of the expansion history of the Universe.
Close to the present epoch the equation of state of Ki-
nessence turns negative, and K begins to dominate the
energy density of the Universe and drive its current ac-
celerated expansion. The fact that this has happened
very recently (at z < 1) is sometimes referred to as the
‘cosmic coincidence problem’.
Clearly, the eective equation of state of dark en-
ergy is its important property. This has led to a num-
ber of attempts to reconstruct the former from observa-
tions of high redshift supernovae in a model independent
manner [5,6]. However, for eld-theoretical models of
dark energy, the equation of state is not a fundamen-
tal property. Moreover, it refers to the exactly isotropic
Friedmann-Robertson-Walker (FRW) background only.
For small perturbations superimposed on the FRW back-
ground, the pressure tensor is generically non-diagonal
(non-barotropic), and the velocity of signal propagation
need not be given by the standard hydrodynamic expres-
sion
√
dP/dρ. Fundamental variables (at least, at the
eld-theoretical level of consideration) are either ‘geo-
metrical’ (astronomical) and are constructed from the
space-time metric, or ‘physical’ { which depend upon
properties of physical elds carrying dark energy. Physi-
cal variables are, of course, model-dependent, while geo-
metrical variables are more universal. (Additionally, the
latter do not depend upon relatively poorly measured
quantities such as the density of dust-like matter Ωm.)
The oldest and most well-known of the geometric vari-
ables are the Hubble constant H0 and the deceleration
parameter q0.
However, both the necessity of consideration of more
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Dark Energy State Parameter Density Parameter
Cosmological constant w(z) = constant = −1 ρ(z) = /8piG = constant
Quiessence w(z) = constant  −1/3 ρ(z) = ρ0(1 + z)3(1+w)










general models of dark energy (than a cosmological con-
stant), and the remarkable increase in the accuracy of
cosmological observational data during the last few years,
compel us to advance beyond these two quantites. For
this reason, in this letter we propose a new geomet-
rical diagnostic pair for dark energy. This diagnostic
(Statender) is constructed from the scale factor and its
derivatives up to the third order. In terms of an eective
equation of state of dark energy w(t), these quantities
are algebraically related to w and its time derivative _w.
As we shall demonstrate, the Statender can distinguish
between Kinessence, Quiessence and a cosmological con-
stant, thereby providing us with a powerful new tool for
understanding properties of dark matter and energy.
II. THE STATEFINDER: LOOKING BEYOND H0
AND q0
In 1970 Alan Sandage described observational cosmol-
ogy as being \a search for two numbers": the Hubble
parameter H0 = (_a/a)0 and the deceleration parameter
q0 = −H−20 (a¨/a)0. The Hubble parameter relates the













Its value from the HST key project H0 = 72  8
km/sec/Mpc [7] provides us with a measure of the age
of the Universe and its observable size. The deceleration
parameter probes both the equation of state of matter
and the cosmological density parameter







Ωi(1 + 3wi). (2)
In the presence of dust-like matter (wm ’ 0) and a cos-
mological constant (wΛ = −1), q0 = Ωm/2− ΩΛ. Below
we will assume that the Universe is spatially flat, k = 0.
This assumption naturally follows from the simplest ver-
sions of the inflationary scenario and is convincingly con-
rmed by recent CMB experiments [3]. A spatially flat
Universe with Ωm ’ 1/3, ΩΛ ’ 2/3 currently accelerates
with q0 = 1.5Ωm − 1 ’ −0.5.
In order to be able to dierentiate between possible
forms of dark energy we need to look beyond H0 & q0
and probe the (possible) time dependence of the equation








3(q − 1/2) . (3)
At late times (z < 104) the Universe is well described by
a two component fluid consisting of matter Ωm and dark
energy ΩX . In this case the Statender pair acquires the
elegant form
r = 1 +
9w
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where w is the equation of state of dark energy and we
assume Ωm + ΩX = 1.
If dark energy is attributed to a minimally coupled
scalar eld
r − 1 = 9
2
Ωφ(1 + wφ) + 3ΩΠ, (6)
where ΩΠ = 8piG _V /3H3.
From (4) & (5) we nd that the Statender diagnos-
tic fr, sg has several remarkable properties. If the role
of dark energy is played by the cosmological constant
then the value of r stays pegged at r = 1 throughout the
entire matter dominated epoch and at all future times
(i.e. r = 1 for z < 104). This is true in all LCDM mod-
els irrespective of the current value of Ωm. Very dier-
ent behaviour is predicted for Quiessence and Kinessence
for which r is a function of time. In Quiessence models
_w = 0 whereas many Kinessence models, including those
with the ‘tracker’ stage in the past, have _w < 0. 1 As
a result the value of r in K & Q models will monotoni-
cally decrease as the Universe expands and evolves. The
current value r0 should therefore help establish whether
dark energy is a cosmological constant (r0 = 1) or has
some other origin (r0 6= 1).
1However, _w may well be positive even if dark energy is at-
tributed to the energy of a minimally coupled scalar eld; the
simplest example is a massive scalar eld, V (φ) = m2φ2/2. In
such models, the epoch of dark energy domination is typically
transient.
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The properties of the second Statender ‘s’ comple-
ment those of the rst. The value of s does not explicitely
depend upon the cosmological density parameter Ω and
is time-independent (s = 1 + w) if dark energy is either a
-term or Quiessence. For many Kinessence models, on
the other hand, s(t) is a monotonicaly decreasing func-
tion of time. We therefore nd that the properties of
the Statender pair fr, sg enable it to dierentiate be-
tween the three canonical forms of dark energy described
in table 1.
In this context it is worth recalling that the basic ob-
servational parameters in cosmology are geometrical in
nature, since they involve either dierential or integral
quantities constructed out of the scale factor. The Hub-
ble and deceleration parameters H, q and the Statender
pair fr, sg provide us with examples of the former, while
the coordinate distance rc =
∫
dt/a, is an example of
the latter. The luminosity distance dL (which is based
on the notion of an absolute candle), and the angular-
size distance dA (based on the standard ruler concept)
are both derived from the coordinate distance: dL =
(1 + z)a0rc(z), dA = (1 + z)−1a0rc(z). Since geometri-
cal and physical parameters are related to one another
through the eld equations of physical cosmology, a ma-
jor concern of observational cosmology over the past few
decades has been to determine the values of physical pa-
rameters on the basis of accurate measurements of ge-
ometrical observables. If dark energy has the form of
a minimally coupled scalar eld, the physical parame-
ters which provide us with the deepest insight include:
Ωm(t), ΩX(t)  ΩV (t) + ΩT (t) = 1 − Ωm(t), ΩV (t) =
8piGV (t)/3H2(t), ΩT (t) = 8piGT (t)/3H2(t), (T = _φ2/2)
and ΩΠ(t) = 8piG _V (t)/3H3(t).
In this context it is important to recall that the equa-
tion of state of dark energy
w(t) =
2q(t)− 1
3(1− Ωm(t)) , (7)
is a composite quantity since it is constructed out of phys-
ical (Ωm) as well as geometrical (q) parameters.
The relationship between geometrical and physical pa-
rameters is summarised in table 2.
TABLE II. Relationship between geometrical and physical
parameters characterising the observable Universe
Geometrical parameters Related physical parameters
H = _a/a Ωtotal, Ωcurvature
q = −a¨/aH2 Ωi, wi
r =
...
a/aH3 Ωi, wi, _wi
s = (r − 1)/3(q − 1/2) wi, _wi
rc Ωi, wi
Let us now study the Statender in greater detail
by considering cosmological models containing either
Quiessence, Kinessence or a cosmological constant. For
the CDM model w = −1, so that r = 1, s = 0.
More generally, quiessence models (QCDM) have a con-
stant equation of state ( _w = 0) which leads to r =
1 + 9w
2 ΩQ(1 + w), s = 1 + w.
Two values of the equation of state are singled out for
special attention: w = −1/3 (cosmic strings) w = −2/3
(domain walls). In both cases the rst Statender has the
simple form r(t) = 1−ΩQ(t). As a result r(t) ! 1 for t
t0, r(t) ! 0 for t  t0 and r0 ’ 0.3 at the present time
when ΩQ(t0) ’ 0.7. This leads to a degeneracy in r0 for
the dual value w = −1/3,−2/3. This degeneracy though
generic is easily broken when one adds information from
the second Statender s.
FIG. 1. The Statender pair (r, s) is shown for dierent
forms of dark energy. In Quiessence (Q) models (w =constant
6= −1) the value of s remains xed at s = 1+w while the value
of r asymptotically declines to r(t  t0) ’ 1+ 9w2 (1+w). Two
models of quiessence corresponding to wQ = −0.25,−0.5 are
shown. Kinessence (K) models are described by a scalar eld
rolling down the potential V (φ) / φ−α with α = 2, 4. These
models commence their evolution on a tracker trajectory de-
scribed by (10) and asymptotically approach CDM at late
times. CDM (r = 1, s = 0) and SCDM (r = 0, s = 1) are
xed points of the system. The hatched region is disallowed
in Quiessence models and in the Kinessence model which we
consider. The lled circles show the current values of the
Statender pair (r, s) for the Q and K models (Ω0m = 0.3).
An important role in our understanding of dark energy
has been played by Kinessence models in which the equa-
tion of state is a function of time. To this category belong
scalar elds with ‘tracker’ potentials, which have played a
particularly important role in alleviating the ‘ne-tuning’
problem faced by quiescent models in general and by the
cosmological constant in particular. Tracker potentials
satisfy V 00V/(V 0)2  1 and a scalar eld evolving under
the influence of a tracker potential approaches a common
3
FIG. 2. The Statender pair fr, sg is shown for dark energy
consisting of a cosmological constant , Quiessence ‘Q’ with
an unevolving equation of state w = −0.8 and the inverse
power law tracker model V = V0/φ
2, referred to here as Ki-
nessence ‘K’. The lower left panel shows r(z) while the lower
right panel shows s(z). Kinessence has a time-dependent
equation of state which is shown in the top right panel. The
fractional density in matter and Kinessence is shown in the
top left panel.
evolutionary path from a wide range of initial conditions
[8]. Potentials based on the exponential [9] and the in-
verse power-law [10] have been particularly successful in
producing a late-time accelerating Universe which is in
agreement with most recent cosmological observations.
In gures 1 & 2 we show the values of the Statender
pair fr, sg for the tracker potential V (φ) = V0/φα. Also
shown are results for the cosmological constant w = −1
and Quiessence (w = constant 6= −1). The equation
of motion of the scalar eld which plays the role of Ki-
nessence is













−3 includes the density of
dust-like ‘cold’ dark matter as well as baryonic matter.
During tracking ρφρm / t4/(2+α) while the equation of
state of Kinessence is described by
w = −wB + 2
α + 2
, (10)
(wB = 1/3, 0 during the radiative and matter dominated
epochs respectively). We therefore nd that, for α > 0,
Kinessence can dominate the total density in the universe
even if it was subdominant to begin with.
Constraints from structure formation and the CMB
suggest that dark energy must be subdominant at
z > 1. (Nucleosynthesis arguments impose stringent con-
straints: ΩX < 0.2 at z  109.) Small values of ΩX &
w substantially decrease the terms ΩXw and ΩX _w/H
which appear in the RHS of (4) and ensure that the
Statender r remains close to unity at high z. This is
exacly what one nds from gure 2. The extreme sensi-
tivity of r to the evolving equation of state of the tracker
eld (Kinessence) is reflected in the fact that the value of
r declines rapidly as the Universe expands, dropping to
 50% of its starting value by z  1, even though dark
energy remains subdominant at this epoch. In contrast
to the time-dependent behaviour of r for Quiessence &
Kinessence, the value of r remains xed at r = 1 for the
cosmological constant , which makes it easier to discern
the latter from Q & K. Since the the second Statender
‘s’ distinguishes between Q and K, we conclude that the
complementary properties of the Statender pair fr0, s0g
make it a useful diagnostic of dark energy.
As is apparent from gure 2, the discriminating
prowess of r & s can be signicant even at moderate
redshifts. Since ΩΛ & ΩQ usually decrease faster with
redshift than ΩK, the value of r(z) for both the cosmolog-
ical constant and Quiessence is generally closer to unity
(at a given redshift, 1 + z  1) than the corresponding
value for a tracker eld (Kinessence). Thus whereas the
current value of r0 allows us to dierentiate  from Q &
K, the value of r at moderate redshifts distinguishes K
from  & Q.
This feature is even more pronounced in the second
Statender s, whose value does not explicitely depend
upon ΩX and whose capacity to distinguish between 
and Quiessence on the one hand, from Kinessence on the
other, actually increases with redshift (see gure 2).
III. DETERMINING THE STATEFINDER USING
SNAP
The ‘SuperNovae Acceleration Probe’ (SNAP) is ex-
pected to observe approximately 2000 Type Ia super-
novae within a year upto a redshift z  2 and improve lu-
minosity distance statistics by over an order of magnitude
(see table III). It is therefore meaningful to ask whether
a SNAP type experiment can be used to determine the
Statender pair and place bounds on the properties of
dark energy.
In order to investigate this we proceed as follows. Ob-
servations of the luminosity distance DL allow us to de-











TABLE III. SNAP specications for one year period of observations
Redshift Interval z = 0{0.2 z = 0.2{1.2 z = 1.2{1.4 z = 1.4{1.7
Number of SNe 50 1800 50 15
To determine the Statender pair we introduce the fol-
lowing ‘ansatz’ for H(z)
H2(x) = H20 [~Ω0mx
3 + A + Bx + Cx2] , (12)
where x = 1 + z and A + B + C = 1 − ~Ωm, (i.e. we
are expressing dark energy as a second order polynomial
in 1 + z). (In principle, the value of ~Ωm can be some-
what larger than the density in CDM+baryons due to the
additional presence of a tracker component which has a
similar equation of state to matter at high z.) Supernova
observations of DL and relations (11) & (12) are jointly
used to determine A, B, C and the Statender pair fr, sg,
since




3(3A + 2Bx + Cx2)
. (13)
In gure 3 we show the results obtained from 1000 re-














where zmax = 1.7. We have assumed that the statisti-
cal uncertainty in the magnitude of SNe is constant over
redshift and is given by σmag = 0.15. (Details will be
presented in a companion paper [11].)
IV. DISCUSSION
Observations of high redshift supernovae suggest that
the Universe is accelerating, fuelled by an unknown form
of ‘dark energy’ with large negative pressure. In this
letter we show that a new and versatile cosmological
parameter pair fr, sg called ‘Statender’ can eectively
distinguish between three possible forms for dark en-
ergy: a cosmological constant (w = −1), Quiessence
(w = constant 6= −1) and Kinessence (w 6= constant).
The Statender is constructed from the scale factor and
its derivatives and presents a companion pair to the
Hubble and deceleration parameters fH, qg. A SNAP
type experiment determining fr, sg easily distinguishes
FIG. 3. Condence levels at 1σ, 2σ, 3σ of r and s computed
from 1000 SNAP-type experiments probing a CDM ducial
model with Ω0m = 0.3, Ω0Λ = 0.7. The lled circles represent
the values of r and s for the Kinessence potential V (φ) / φ−α
with α = 1, 2, 3, 4, 5, 6 (bottom to top). The lled triangles
represent Quiessence with w = −2/3,−1/2,−1/3, 0 (bottom
to top). We note that all inverse power-law models lie well
outside of the three sigma contour centered around the CDM
model.
a ducial LCDM model from several alternative time-
dependent forms of dark energy.
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